A.C.I.M FOR RANDOM INTERMITTENT MAPS : EXISTENCE, 
UNIQUENESS AND STOCHASTIC STABILITY 



YUEJIAO DUAN 

Abstract. Wg study a random map T which consists of intermittent maps 
and a position dependent probability distribution {Pk.£i^)}^—i- We 
prove existence of a unique absolutely continuous invariant measure (ACIM) 
for the random map T. Moreover, we show that, as e goes to zero, the invariant 
density of the random system T converges in the L^-norm to the invariant 
density of the deterministic intermittent map Ti. The outcome of this paper 
contains a first result on stochastic stability, in the strong sense, of intermittent 
maps. 



1. INTRODUCTION 

Expanding maps of the interval which admit an indifferent fixed point are good 
testing tools for physical systems with intermittent behaviour. In |14| . Pianigiani 
proved the existence of ACIM for a certain class of intermittent maps of the interval. 
Later, polynomial decay of correlations was proved for such systems independently 
in [m [15] . More recently, Hu and Vaienti generalized these results to general higher 
dimensional systems 

We are interested in perturbations of intermittent maps. In particular when the 
indifferent fixed point persists under perturbations. Results on statistical stability 
of intermittent maps with perturbations of this type were obtained in [TJ [5] . More 
recently results on mctastability ^of intermittent maps where the neutral fixed point 
persists under deterministic perturbations were obtained in [7]. All the results of 
[U [21 [7] are concerned with deterministic perturbations of intermittent maps. 

In the random setting, i.e., when a system is randomly perturbed, if the random 
system admits an ACIM which converges in the weak— * —topology to an ACIM 
H of the initial system, then we say that the system is stochastically stable in the 
weak sense. In addition, if the density of fiR converges to /*, the density of ^, 
in the L^— norm, we say the system is stochastically stable in the strong sense. 

In [3] it was proved that intermittent maps of the type studied in |12j are stochas- 
tically stable in the weak sense. However, there are no results on the strong sto- 
chastic stability of such maps. 
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""^By a mctastablo system, we mean a system which initially has at least two ACIMs, but once 
it is perturbed it admits a unique ACIM. Such models were first studied in the expanding case in 

m- 
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In this paper, we study a random map T which consists of a collection of in- 
termittent maps {Tk}^^i and a probability distribution {p/c,e(a;)}iiLi • We prove 
existence of a unique ACIM for the random map T. Moreover, we show that, as e 
goes to zero, the invariant density of the random system T converges in the L^-norm 
to the invariant density of Ti. We obtain our results by using a cone technique. 
This cone was also used in [131 to study Ulam approximations for deterministic 
intermittent map. 

In section 2, we present the setup of the problem. Section 3 contains the proof of 
the existence and uniqueness of the ACIM for the random map. Our main result in 
this section is Theorem 13. II Section 4 contains an example of a random map which 
satisfy our conditions. In section 5, we show that our random maps give rise to an 
interesting family of 2-dimensional non-uniformly expanding maps which admit a 
unique ACIM. Section 6 contains the stochastic stability result. Our main result in 
this section is Theorem [63] 



2.1. Setup. Let {I,B{I),m) be the measure space, where / = [0,1], is Borel 
(J— algebra and m is Lebesgue measure. To simplify the notation in the proofs, 
we consider a random map which consists of two maps. The proofs for any finite 
number of maps is similar. We study a position dependent random map 



where < /3 < a < l,^^^ ^^(i) = 0,5^(x) > l,fc = 1,2 and pfc : [0,1] ^ [0,1] is 
a measurable function such that Pi{x) + P2ix) = 1, i.e. pi{x),p2{x) are position 
dependent probabilities. A position dependent random map is understood as a 
Markov process with transition function 



where A is any measurable set in B{I) and XA is the characteristic function of the 
set A. 



Note that the assumption that 0</3<a<lis essential for strong stochastic stabiUty in the 
strong sense (convergence in L^). If for instance o > 1, then Ti will admit an infinite invariant 
measure, i.e. this invariant measure does not have an L^— density. 

■^The results of this paper hold for the following class of maps: Let < a < 1. r satisfying 

• r(0) = and there is a to S (0, 1) such that t : [0, to) -> [0, 1), t : [io, 1] [0, 1]. 

• Each branch of r is increasing, convex and isC^r'{0) = landT'(a;) > 1 for all x G (0, io)U{to , 1). 

• There is a constant C S (0, oo) such that t{x) > a; + Ca:^+" for x S [0,to)- 

The convexity assumption is essential so that the transfer operator satisfies the cone condition 



J fdm < Ax^^"m{f). We choose to work with a well known representative of this family. Namely, 


the model studied in |12| . 



2. PRELIMINARIES 



T = {Ti{x),T2{x);pi{x),p2{x)}, where 




P{x, A) = pi {x)xA {Ti (x) ) + P2 {x)xA {T2 (x)) , 
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2.2. Invariant measures. The transition function P(a;, A) induces an operator 
Et on measures on {I,B{I)) denoted by 



EtKA) = I F{x,A)diJ.{x) 

Pi{x)xAiTi{x)) + p2{x)xAiT2ix))dfi{x) 



I 



I 

= J pi{x)dfi{x) + J p2{x)dfi{x). 

T-\A) T-\A) 

We say that /i is T— invariant if and only if 

ET^x{A) = ^x{A)■ 

that is, for any measurable set A, 

^JL{A) ^ j pi{x)dfi{x) + J p2{x)dfi{x). 

T-'iA) T-\A) 

2.3. Transfer operators. If ^ has a density function / with respect to to, then 
i?TM has also a density function which we call £t/- We obtain, for any measurable 
set A, 

J Crfdmix) = ETfJ.{A) = J pi{x)d^{x) + j p2{x)d^i{x) 

A T-\A) T-\A) 

Pi{x)fdm{x) + J p2{x)fdm{x) 

T-'{A) T-\A) 

Pi{T^\x))f{T^\x))dm{x)+ j p2{T2\x))f{T^\x))dm{x) 

A A 

= j PTAPif)dm{x) + J PTM)dmix) 

A A 

(2.1) = f[PT^{pif) + PT,{P2f)]dm{x), 



A 

where Pti and Pt2 are Pcrron-Frobcnius operators 0| associated with Ti and T2 
respectively. Since (|2.ip holds for any measurable set A, we will get an almost 
everywhere equality: ^ 

{CrDix) = Pr^iPifm + PTAP2f){^) 

ipiim , {P2f){y) 



E KPij )yy) , 
\T'.(n,'\\ 2^ 



yeT^ (x) yeT^ {x) 

We call Ct the Perron-Frobenius operator associated with the random map 
T. The properties of Ct resemble the properties of the classical Perron-Frobenius 



Note that since pi{x),p2{x) arc functions oi x,Ct is not a convex combination of pi and p2- 
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operator associated with a single deterministic map. Ct satisfies the properties as 
fohows (See [5] Lemma 3.1): 

(i) (Linearity) Lt : ^ \s & hnear operator. 

(ii) (Positivity) Let f E and assume / > 0, then CtJ > 0. 

(iii) (Preservation of integrals) 

J CTfdm{x) — j fdmix) 
I I 

(iv) (contraction) for any f ^ L^, 

W^Tf ||l<||/||l 

(v) CtI = / ^ i?TM = Ml i-6 measure ^ = / • m is T— invariant. 

(vi) (composition) 

^TorJ = Ct o dij 

In particular, Cr^f = O^f- 

2.4. Notation. For x e /, fc G {1,2} and partition V = {/i,/2},/i = [Q,\]j2 = 
[i, 1], wc introduce the following definitions 

T{x) = Tk{x), with probability p/j (x) 
T"(x) — Tk^ o Tk^_^ o • • ■ o Tfcj (x), with probability 

Pfe„(Tfc„_i o • • ■ oTk^{x)) ■Pk„^ATk„-2 ° ■ ■ ■°Tk^{^)) -pkii^), ki G {1, 
Tk,i = Tk\ii ■ 



Wc write ^ 

Ti^x = {yi, zi}, yi < - < zi; 

T2^X = {y2, Z2}, y2 < ^ < Z2] 

y* = max{yi,y2} G [0, i], = max{zi,Z2} G [^,1]; 

1 

and m(/) = J f{x)dm{x), where to is Lebesgue measure. 



Cone. For A > 0, define 

X 

Ca = {/ G / > 0, f decreasing, J fdm < Ax'^-°'m{f)}. 



3. EXISTENCE AND UNIQUENESS OF ACIM 

3.1. Sufficient conditions for the existence of a T ACIM. For fc = 1,2, we 
assume 

(A) E pMrS-y 1 < ? < 2, is decreasing; 

(B) inf pfc(x) > <5 > 0. 



Theorem 3.1. Under assumptions (A) and (B) 

(i) The random map T admits a unique ACIM ^,dfi = pdm. 

(ii) The invariant density p is uniformly bounded below. 
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We first prove some technical lemmas. The proof of the Theorem 13.11 is at the 
end of this section. 

Lemma 3.2. Let / e Ca- Then, for x G (0, 1], 

ft) f{x)<Ax-"m{f); 

(a) f{x) < ^m{f), and in particular, f{x)\^^i^i < 2m{f); 
(Hi) 2/1 > §,2/2 > f and x > y*; 

(iv) (1 - a;)!"" < 1 - (1 - a)x; 

(v) x^-'^ -ylr" >^x. 

Proof, (i) We have 



xfix) ^ J f{x)dmiO < J fiOdmiO < Ax'-'^mif). 



(ii) By f{x) > and decreasing, we have 

X X X 1 

xf{x) = / f{x)dm{0 < I fiOdmiO < [ f{Odm{0 + f f{Odm{0 = m(/). 



So, f{x) < ^m{f) and in particular f{x) < 2m(/), when x G 

(iii) For y2 < 5, < /3 < a < 1, we have 

X = Ti(yi) = 2/1(1 + 2"2/?) < 22/1 and x = T2{y2) = 2/2(1 + 2"2/2^) < 22/2. 

Also, 

X = ri(2/i) - 2/1(1 + 2"2/?) > yi and x = r2(2/2) = 2/2(1 + 2"2/2^) > 2/2. 

Therefore, 2/1 > f :2/2 > f and x > y^. 

(iv) Set 

5(x) = (l-:r)i-"-[l-(l-a)x], 
then g{0) = 1 - 1 = and for a; G [0, 1], 

g'{x) = -(1 - a){l x)-" + (1 - a) = (1 - a)[l - ^^^1 < 0. 

Therefore, g{x) < 0,x G (0, 1], that is (1 - cc)!"" < 1 - (1 - a)x. 

(v) First write, 

„l-a „.1-Q „l-ctri /2/*\l-Qi _l-ari /I ■^~y*\l-C(i 



x^-" - 2/^-" = x'-"[l - {2iy-"] = x'""[l - (1 - 



a; a; 



Let C 



In case 2/* = 2/ii 

X = ri(2/i) = 2/1(1 + 2"2/?)> 2/1 >0, a; < 22/1 and C = € (0, 1]. 
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Thus, 

x^-" - yl^" = x^-" [1 - (1 - C)^""] 

> xi-"[i-(i-(i-«)C)] 

X 

= x-"(l-a)(ri(yi)-yi) 
= x-"(l-a)(2"yr+') 

> (2yi)-"(l-a)(2"yr') 
= (l-a)2/i 

(l-g) 

In case =2/2, 

a^ = r2(y2)=J/2(l + 2^2/2^) >y2>0, x < 2^2 and C = e (0, 1]. 

Wc have 

^^-"-yi-" = a;i-"[l-(l-C)'""] 

> xi-"[l-(l-(l-«)C)] 

= x-"(i-a)(r2(y2)-yi) 

= x-"(l-a)(2^y^i) 

> (2y2)-"(l-a)(2^2^+^) 

= (l-a)2/2(2y2)^-". 

Since < /3 < a < 1 and < 2^2 < 1, wc get (2y2)'^"" > 1- 
Thus, 

xi-"-yr">(l-a)y2>(l-a)|. 



□ 



Lemma 3.3. Let f > be a decreasing function. Then Crf is also decreasing. 
Proof. Sec Lemma 3.1 of [B].^ □ 

Proposition 3.4. For A > the cone Ca is invariant under the action of the 
operator Ct- 

Proof. By Lemma [331 for / 6 Ca we know that Crf is decreasing . Also, Crf > 
and m{CTf) = ™(/)- Therefore we only need to prove that 

X 

J Crf dm < Ax'^-°'m{£T) = Ax'^-°'m{f), 



"^Note that this Lemma only requires assumption (A) to hold. 
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when A> A^, = -r-^- We have 

— l — a 

X X 

Jcrfdm = J PTAPif) + PTAP2f)dm^ J {pif)dm+ J {p2f)dm 

yi zi yi Z2 

= {J + J){pif)dm + {J + I){p2f)dm 

1 1 

2 2 

y, z, y, z, 

1 1 

2 2 
a. Z* Z, 

(Pi +P2)fdm + I {pi +P2)fdm < Ayl-^mif) + [ fdm, 
i i 

2 2 

where = max{2/i, 2/2} G [0, = maxl^i, Z2} 6 1]. Since our transforma- 

tions Tk{x) may not be piecewise onto, there are two cases to consider. 

In the case 1, x has only one pre- image. By the Lemma 13.21 (in), we get a; > 

So, yl'°' < x^-", with 1 - a > 0. Therefore, J Crfdm < Ayl-"^ for ^ > 0. 



In the case 2, x has two preimages. From Lemma l3.2[ we have f{x) < 2m(/), x S 
z*]. Then, 

z* z* 

fdm < J 2m{f)dm = 2(2, - i)m(/). 

2 

Moreover, we have g[{x) > l^g2{x) > 1, then x = m[0,x] = m o > 
Zk — ~ 1,2 i.e. X > Zh= — So, 



Jfdm<2xmif). 



By the resuh of Lemma [3.21 (iv). we obtain that x < jt-^{x^ " ^ yl Then, for 

A > A^ = 

X 

Crfdm < Ayl"'m{f) + -^(x^-" - yl-")m{f) < Ax^-^m{f). 

l—a 

Therefore, Crf ^Ca, for / £ Ca and A > □ 

Remark 3.5. Obviously, if / £ Ca and A > then C^f £ Cyi,n > 1. 

Remark 3.6. Since Ca is compact and convex, operator Ct has a fixed point /* £ Ca 
by Proposition 13.41 and the Schauder-Tychonoff fixed point theorem of [9]. Thus, 
random map T admits an ACIM . 
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Let fi be an ACIM for random map T. Each of the maps Tk admits a unique 

ACIM (See Appendix). Let i^i and 1^2 be the unique ACIM for Ti and T2 respec- 

00 

tively. Let Ak = supp(z^fc) and Uk = [J T^'' At be its basin. For fc = 1, 2, we have 

Ak =Uk = I (see Appendix). 

Lemma 3.7. For k = 1,2, 1 = A^. C supp{ii). 

Proof. Since Ak = Uk=I for fc = 1, 2. Then ^i{Ak) ^JL{Uk) > 0. 

Let B = I n supp(/i), then B ^ % and ^(B) > 0. Since i? is subset oi I = Ak 

00 

and Ak is an invariant set, then IJ T^B C Ak- 

1=0 

Assume Ak ^ supp(yu). Then fi{Ak \B) = 0. Also, 

00 00 

^^{Ak \ B) > /i(|J TIB \ B) = TIB \ B) > ^i{UB), * - 1, 2, ... 

i=0 i=l 

So, in this case, ^{TIB) < Q,i — 1,2,.... However this leads to a contradiction 
because, by condition (B), 



> mlpi{x)niB) + ml p2ix)n{T^\TiB)) > 0. 

and 

fi{T2B) = J pidfi+ J P2dfi 

T-^{T2B) T-\T2B) 

> mlpi{x)n{T^\T2B)) + mip2{x)n{B) > 

Therefore, I = Ak supp(/i). □ 

Proposition 3.8. Let A > A^ = and f E Ca- There are j > 0, N E Z+ such 
that C^f > "fm.(f), for all n > N, where 7 and N depend only on A. In particular, 
if p ~ CtP then pL — pm is equivalent to m. 

Proof. First by Proposition |Ml if ^ > j^, / e C^, then C^f g Ca- So, we have 

X X 

j fdm<Ax^-"m{f), J C^fdm<Ax^~°'m{ai,f). 


Without loss of generality, we suppose that m{f ) ~ 1. Then m{C^f ) = rn{f ) ~ 1. 
Therefore we only need to prove C^f > 7. Fix a small number < cr < i, such 
that ^ffi-" = i. Then, 



fdm < Aa^-°' = - and / fdm =1-1 fdm > 
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When X G (0,ct), since f{x) is a decreasing function, we have 



J f{(T)dm J f{x)dm 



fix) > /(a) = ^L- > ^- > 



1 - (T - 1 - CT - 2(1 - cr)' 

Moreover, Cl^f{x) is decreasing. Then it is enough to show that £^/(l) is 
bounded below away from zero. By (vi) composition property of Ct we have 
£5^/(1) ^ /:t'./(1). We wiU show that /:t"/(1) > 7 > 0. Set w„ = {fci, /ca, fc„ G 
{l,2}"},fc, G {1,2}. Define a;„ = T-^{xn^i) n [0,i],n > 1 and xq ^ 1. Obviously, 
{xn} is a strictly decreasing sequence and it converges to 0. Since {xn} depends on 
ujn, we denote {xn.uj„} ~ {a;„}(a;„). With the fixed cr, we can find an N such that 
{0, 6i, 62, bq} are critical points of map Ti^^ and 

{^^i,&2} = Tr^(a;Ar_i), maxxAT^i.j^^ < cr. 

OJJV 

Then, for all w^y, we have CrfixN-Lujis,) > ^rfW) since Crfix) is decreasing. 
(3.1) 

w„6{l,2}" i=l ""^ *^ 

(rfc,(6,))Pfc,(&.)/(&0 

(Tfe,(60K,(&.)/(&0 





T' 

UN- 




2 

E 

A;i = l 


Pujn-1 




T' 


[XN-I 


Pujn 


_i(a;jv- 


-l,"jv) 1 


T' 




-l,ti)lV ) 


Pu>N 


_i(xjv- 


-l,"jv) 1 


T' 




~1,"1V ) 


Pun 


-i(a;jv- 


-l,tJiv ) 1 


T' 




~1,un ) 



■yv i^wjv-i I'^A'-l.wjv; J y~v Pfci {Tk^ iXN-l,ujN)f{'^ki,i^N-l,u}N)^ 

^[/:T/(a;N-i,^„)] 

wjv-ie{i,2}'' 
wjv-ie{i,2}' 

We have max T^(a;) = 2 + a and f(Tr}a) > /(cr) > „.,^ and by 
fce{i.2},a;e[o,i] * -'v ; v / - 2(1-^)' 

condition (B): infpfe(a;) > S > 0. Therefore, from p.ip it remains to show that 
Crfia) > 0. Indeed, 
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Therefore, 



niT,7la) -2(l-a)(2 + <.) ' 



where 7 = 2(i-J)(2+a) E t"" '^ith N, a depending only on 

A. Moreover, for n > TV, we set h{x) ^ LVf^f{x). Then h{x) e Ca, and 
C^!{x) - /:^(£J-^/(a;))=/:^/i(x)>7. 

Thus, for all n > N,C^f{x) > 7 > 0. For last part of the proposition, suppose 
that p = Ctp S Ca- Clearly, if set E such that m{E) = 0, it follows that p,{E) = 
J pdm = 0. Conversely, p,{E) =0. p = C^p implies that = /^(-E) = J pdm = 

E E 

J C^pdm > 'ym(E). Hence, if p = CtP then p = pni is equivalent to m. □ 

E 

Proof. (Theorem l3.ip Since Ca is compact and convex, operator Ct has a fixed point 
/» G Cyi by Proposition 13.41 and the Schauder-Tychonoff fixed point theorem of [S]. 
Thus, random map T admits an ACIM. Next, we give the proof of uniqueness. 
Suppose that the random map T has two mutually singular ACIM pi and p2. 
From Lemma 3.6, we have I = C supp(/xi) and I = A^ C supp(/i2). Therefore, 
I ^ supp(/Xi) n supp(/X2). This contradicts the mutual singularity of pi and p2. 
Thus, the random map T has a unique ACIM. By Proposition 3.7, the invariant 
density p is uniformly bounded below. □ 

4. EXAMPLE 

We present an example of a random map T which satisfies assumptions (A) and 
(B). Consequently, by Theorem 13. II this random map has a unique ACIM. 

Example 4.1. Let random map T = {Ti{x) ,T2{x); pi{x) , p2{x)} , for < /3 < a < 
1, 

ixil + 2-x-) a;e[0,i), (x{l + 20x^) x e [0, i). 



and 



We have pi{x),p2ix) e [0, l],pi(a;) + p2{x) = l,Va; G [0,1] and inf pkix) > > 
0. Thus, condition (B) is satisfied. We now check condition (A). First, for x G 
[0, i), obviously decreasing. For ^,[^\ , we show 



p[ix)T[ix) -p^{x)t';{x) < 0,Vx G [0,i). 
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P^{x)t[{x)-Pi{x)t'^{x) = ia:E"-i[l + (l + a)2".T"]-^-^[a2"(l + a)x° 

O O 

„,^Q-l 

[1 + (1 + a)2"x" - (1 + a;°)2"(l + a)] 



3 

-[l-2"(l + a)] 



3 

The term in square bracket is negative, i.e. 1 < 2"(1 + a), Va G (0, 1). 
So, ^77^ is decreasing since 

/ Pi(^) n' ^ Pi(x)Ti(a;) -pi(a:)ri'(x) ^ 

For X e [i, 1], = i = |. Therefore, g 1 < / < 2, is decreas- 

ing for all fc = 1,2, since x ^ T^^x and x T21X are increasing. This random 
map preserves a unique ACIM. 

5. TWO DIMENSIONAL NON-UNIFORMLY EXPANDING MAP 

In this section we use the skew product representation of [3] and show that 
our random maps give rise to an interesting family of 2-dimensional non-uniformly 
expanding maps which admit a unique ACIM. This family could serve as a good 
testing tool for the analysis of 2-dimensional systems with slow mixing. 

Let S{x,uj) ■.I'^^P be 

S{xM = {n{x),VkA^)), where ^^'^ .) ' , \ 

Define S^^S\u,.i^ 1,2,3,4. 

^1 - (Ti,i(x),^i,,M) = (x(l + 2"x"),^), C/i = [0,i) X [0,pi(a:)), 

^2 = (ri,2(a;),^i,.M) = (gi(a:),^), U2 = x [0,pi(x)), 

^3 = (72,2(2;), ^2,.(c.)) = (g2(x), ^^^^), C/3 - [i, 1] X [pi(x), 1], 

54 = (T2,i(x), V52,.(w)) = (^(1 + 2'5x^), ^^^^), (:^4 = [0, i) X bi(x), 1]. 

One can easily check that (0,0) is a fixed point of S. Moreover, the lyapunov 
exponent in the horizontal direction has value zero at (0, 0). Therefore, S is nonuni- 
formly expanding map. Moreover, under conditions [A) and (i?), since T has unique 
ACIM, by m, 5 has a unique ACIM too. 

6. STOCHASTIC STABILITY 

In this section we study stochastic stability of random intermittent maps. For 
this purpose, we write, fore>0,0<a — £<1, 

Te = {ri(a;),Ti,e(x);pi,e(x),p2,£(a;)}, 

where 

^ fa;(l + 2"x") x-e[0,i), ^ ^ |a;(l + 2"-^x"--) a; e [0, i). 

Our main result in this section is the following theorem. 
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Theorem 6.1. Let be the unique invariant density ofT^. Let f* be the unique 
invariant density ofTi. If lini supp2.£(a;) = 0, then lim || /e — /*||i = 0. 

Proof. Let Ct, be the Perron-Frobcnius operator associated with the random map 
Tj. By Theorem 13.11 there exist a fixed point of Ct^ and G Ca, for some 
A > Y^Tj- Since Ca is a compact set, there exists a subsequence {fek}Ek>n of 
{/e}e>o such that 

fe, ^ /* e Ca, as Efc -> 0. 

We have 

||r-PT,r||l < \\r-feAl + \\fe,-PTjeJl + \\PTje,-PTj*\\l 
< llr - feAl + ll/e. - ^T./eJIl + ll/e, - /111 
= 2||r-AJ|i + ||£T.,/e. -PrJeJIl. 

The first term on the right converges to as £fc — ?► by the choice of subsequence. 
Moreover, we have 

= l|Pr,(pi,e./e. - feJ+Pn,Ap2.eJeJ\\l 
= WiPn.. ^ PT,)p2,eJeJl 

< 2||p2,efc/eJ|l < 2supp2,£fc ^ 0, aS £fc ^ 0. 

X 

Thus, /* = Pti/* m-a.e. 

By the uniqueness of Ti— ACIM, all subsequences {fek }ek >o of {/e}6>o have 
/* as their common limit point. Hence, \\fe — f*\\i — > 0, as e -> 0. □ 



7. Appendix 

Let 

_ ('a;(l + 2"x") a;e[0, i), 
'^~\g{x) a;G[i,l]. 

We study a deterministic map t : I ^ I, with partition V = {Ii, I2}, Ii — 
[0,i],/2 = [i,l],.g(i)-0,g'(x)>L 

Lemma 7.1. Lef v be a t ACIM. Then the support of v is I. 

Proof. If g{x) is onto, the uniqueness of the r— ACIM is well known (see [H]). We 
only consider the case, when g{l) < 1. We have t[0, i] = [0, 1). We need to show 
that for any interval J C I, there exists an n > 1 such that t^{J) 2 [0, If 
J D Ik,k = 1,2, then obviously t(J) D [0,^]. If J C 4. Since m{T{J)) > m{J), 
there exists a j > 1 such that t-' (J) contains i in its interior. 

Since r-'(J) contains the partition point \ in its interior, i.e. t-'(J) D (^1,^2) 
with i G (^1,^2)- Then T[i,t2] = [5(5)15(^2)] = [0,g(t2)], which contains the point 
0. Then obviously there exists a / > 1 such that r^+'(J) D [0, \]. 

Let A denote the support of v. Since A contains an interval J and A is an 
invariant set t'^{J) Q A^n > 1. Then, [0, 1) C A. Consequently (by invariance) A 
must contain /. Moreover, A d I . Therefore, the support of is /. □ 
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